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Mu is similar to a human immunodeficiency virus (HIV) capable of transposing or integrating
itself into the host genome. This paper focuses on a topological model describing the changes
in 2-dimensional conformation of the DNA upon Mu binding and catalysis.
1 Introduction
Most of the time, due to the difficulty of making in vivo experiments, molecular biolo-
gists start with an in vitro system of a certain biological process they want to understand.
One such important process is DNA transposition. Mu virus was the first transposition
system studied in vitro2. This in vitro transposition system aided in understanding the
structure and function of transposition proteins in nucleoprotein complexes called trans-
pososomes2, 1. The protein-DNA core of the Mu transpososome is composed of a tetramer
of the transposase, Mu A, bound to the two special DNA ends called transposons, some-
times referred to as mobile elements. The reasons for constructing a topological model of
Mu-DNA complex are two-fold: first, having an in vitro system is not good enough since
the process of isolation and storage of a cellular system may change part or the whole sys-
tem itself; second, there is no known high-resolution structure of the Mu transpososome to
date. A mathematical model (topological or geometric) can be helpful in removing redun-
dancies thereby reducing the number of biologically plausible cases and saving valuable
time.
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Figure 1. A) Examples of 2-string tangles; B) Definition of colorability. A coloring of diagram of a knot or link
or tangle is a function C : {arcs of a diagram} 7→ Zp such that at each crossing the relation y + z − 2x = 0
mod p holds, where x is the color on the over arc and y and z are the two colors of two under arcs. A three-
crossing knot or a trefoil is 3-colorable.
2 Biological Background
In order to topologically study the mechanism of a certain enzyme, molecular biologists
start with a circular DNA. Conformational changes on linear DNA made by the enzyme
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during catalysis can easily slip and be lost. If one starts with an unknotted double-stranded
DNA and obtains a knotted circular DNA, then the enzyme must have acted on the DNA.
One possible sequence of enzyme action is: cut, exchange and reseal two DNA segments.
Sumners, Ernst and collaborators showed the first mathematical model of DNA recom-
bination using tangles3. A n-string tangle is a set of n strings properly embedded in a
3-dimensional ball, Fig. 1A. For a thorough review of tangles and tangle calculus, see a
couple of papers by Ernst5, 6. The 3-dimensional ball represents the protein and the su-
percoiled string represents double-stranded DNA. Pathania et al used circular DNA with
properly placed recombination (lox P) and transposition (attL and attR) sites so that they
could observe specific changes in these special DNA sites upon protein binding and catal-
ysis1. See Fig. 2A. When translated to tangles’ parlance, there are two tangles involved,
the tangle modeling a better-understood process of Cre recombination7 and the tangle de-
scribing Mu transposition. In the lower right hand corner of Fig. 2B, Cre recombinase
changes a 0-tangle to a 10 -tangle. This Cre recombination tangle was used as a tool to un-
derstand what DNA conformation was trapped in the Mu transpososome upon Mu binding,
and a 2-dimensional solution (a tangle with five crossings) obtained by Pathania et al af-
ter performing all the experiments with different maps where they assumed that the DNA
trapped during Mu transposition is branched supercoiled, and an example of a branched
supercoiled tangle. Most mathematicians are concerned with the question of uniqueness
of solution. In the following section, one topological confirmation of uniqueness of this
five-crossing solution presented by the in vitro experiments of Pathania et al is shown.
One strength of this topological modeling is that there is no assumption made about the
transposition tangle.
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Figure 2. A) Different kinds of maps of Cre recombination and Mu transposition sites; B) 2-dimensional model
of the 3-dimensional Mu-DNA transpososome. Pathania et al obtained this five-crossing model of Mu-DNA
complex1 .
3 Topological Invariant: Colorability
One can use a knot invariant called colorability (Fig. 1B) to mathematically describe the
DNA conformational changes formed after the protein binds the DNA and has acted on
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it. Darcy et al proposed a computational method using colorability to encode DNA con-
formational changes8. Every knot diagram K with k crossings has exactly k arcs. By the
definition of colorability, there is a k × k matrix corresponding to a knot diagram K with
k crossings and k arcs. Therefore, K can be colored mod p if and only if the correspond-
ing set of equations has a nontrivial mod p solution9. Similarly, tangle diagrams can be
colored, Fig. 3A.
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Figure 3. A) An example of coloring a 2-string tangle. There are six crossings (equations) and eight arcs (vari-
ables). In10, it was shown that two tangle invariants can be used to distinguish one n-string tangle from another;
B) Tangle addition and tangle closure.
Tangles can be embedded in a knot. Using tangle calculus, a knot can be written as
a numerator closure of the sum of two tangles, Fig. 3B. This can then be written as a
tangle equation. Two examples of tangle equation is in Fig. 4. One starts with a circular
unknot (no crossings when simplified topologically) and ends up with a three crossing
knot. These two tangle equations can then be translated into colorability as systems of
equations solvable modulo p, p ∈ Z, given crossings of tangles involved.
M=  M =
Figure 4. Two examples of tangle equations, one starts with an unknot and ends with a three-crossing knot.
To make the long story short, with the use of two simple tangle invariants found in
Ref. 10 and some minor computation, there is one and only one solution to the system of
tangle equations, thereby confirming the in vitro solution of Pathania et al.
4 Concluding Remarks
One question arises from this study. If given the right length of DNA, will the Mu trans-
pososome take the configurations of crossings greater than five given in the summary table,
Table 1.
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No. of Crossings Correct Coloring Matrices Non-equivalent and Colorable
≤ 4 0 0
5 1 1
6 22 0
7 354 3
8 5019 6
Table 1. Summary table of tangles given the number of crossings in the Mu 2-dimensional configurations.
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